Finite difference scheme for linear advection equation with dependence on scalar dimensionless parameter is constructed. Stability of the scheme is investigated by von Neumann method and stability domain in parameter space is constructed. Dispersive and dissipative properties of the scheme are optimized by the choice of scalar parameter. Low dispersion and dissipation of the scheme is demonstrated by the numerical solution of simple test Cauchy problem. Scheme constructed may be applied in computations based on splitting method for Boltzmann or lattice Boltzmann equations.
Introduction
Nowadays lattice Boltzmann method (LBM) [2] , [9] , [11] , [12] is considered as a powerful method for the solution of different fluid dynamics problems [3] , [13] , [14] . The method is based on the solution of the system of kinetic equations instead the system of the equations of hydrodynamics. Some complex problems for multiphase flows and flows in porous media were solved by this method [1] , [6] .
One of the well-known computational algorithm of LBM is based on the splitting on physical processes [5] , [8] . Splitting process is realized on every time step by two stages -collision and advection. On the advection step the solution of the system for the particle advection process is realized. The process is described by system of linear hyperbolic equations. On the collision stage nonlinear system without space derivatives is solved [15] .
In this study finite difference scheme (FDS) for the solution of linear advection equation is considered. The scheme is dependent on dimensionless scalar parameter. The properties of the scheme such as stability and existence of fictitious effects (dispersion and dissipation) are investigated. The problems of the optimization of dispersive and dissipative surfaces are considered. Optimal parameter value is obtained.
The paper is organized as follows. In Section 2 the linear advection system and FDS are considered. In Section 3 the properties of FDS are investigated. Concluding remarks are made in Section 4.
FDS for linear advection system
The system of linear advection equations is written as:
where f i = f i (t, r), i = 1, n are the distribution functions of the particles with velocities V i = V e i , V = l/δt, where l is a mean free path, δt is a mean free time, t is a time, r is a vector of space variables. System (1) is solved on the advection stage of the method of splitting on physical processes in LBM or in solution procedure for general Boltzmann equation [4] .
For the simplification of the analysis 1D variant of (1) is considered:
where i = 1, 2, e 1 = −1, e 2 = 1 (D1Q2 lattice). Dimensionless variables are introduced:
2383 where Φ i are the mean values of f i . After the substitution of (3) into (2) the following system is obtained:
Equations of (4) are independent on each other, so the case of linear scalar equation may be considered:
For the discretization of (5) the following formulae for time derivative is considered:
, where ∆t is a time step, t j is a time node, x n is a node of space grid constructed with step h.
Let us consider two approximations of the term c∂u/∂x by central and first order upwind differences along the characteristics of eq. (5):
For the simplification of the analysis the case of c > 0 is considered. So the following two-step FDS's for (5) are constructed:
where γ = c∆t/h is a Courant number. The stability of the schemes (6) and (7) may be analyzed by von Neumann method. The solutions of (6) and (7) are presented in following form:
where ϕ ∈ [0, 2π), i 2 = −1, λ(ϕ) is a spectral function. After the substitution of (8) into (6) and (7) the following cubic equations on λ are obtained:
The roots of these equations may be obtained by Cardano's formulas or in packages of computer algebra. The following stability conditions are obtained after analysis of absolute values of the roots: γ ≤ 1/2 for (6) and γ ≤ 1/4 for (7).
The fig. 1 . As it can be seen, the fictitious numerical oscillations exists in the numerical solution obtained by scheme (6) , this effect is known as a presence of numerical dispersion. Numerical solution obtained by (7) tend to null when t → +∞, this effect is known as numerical dissipation. To avoid these fictitious effects, the scalar parameter ε ∈ [0, 1] may be included to FDS. Due to the idea of Guo and Zhao [6] , this parameter may be included by the following way:
where (c∂u(t j , x n )/∂x) U W is approximation by first order upwind difference, (c∂u(t j , x n )/∂x) C is approximation by central difference.
The scheme obtained is presented by following formulae:
3 Investigation of properties of the schemes
Stability
After the substitution of (8) into (9) the following cubic equation on λ(ϕ) is obtained:
As a result of numerical analysis of roots of (10) stability domain of the scheme (9) in parameter space (ε, γ) is constructed. At fig. 2 the plot of boundary os this domain is presented. 
Numerical dispersion and dissipation
Investigation of numerical dispersion and dissipation and optimization of FDS (9) is based on the analysis of dispersive and dissipative surfaces. The idea of this approach is presented in [7] . Solution of (9) is presented in form of traveling wave:
where ω is a frequency, k is a wave number. After the substitution of (11) into (9), the following equation on q = e iω∆t is obtained:
where ξ = kh. There are three roots of eq. (12): q s , s = 1, 3. The real parts of frequencies ω s , which are the main characteristics of numerical dispersion, may be expressed from q s by following formulas:
Dispersive relation for eq. (5) is presented as:
Expressions for dispersive surface of eq. (5) may be obtained from (14) as a function of γ and ξ:
Due to the dependence of ψ s and ω (see eqs. (13) and (15)) on γ, the case of ∆t = 1 may be considered.
Optimal dispersive properties of the scheme (9) may be characterized by following function:
Optimal value of parameter ε is considered as a solution of minimization problem of I(ε). This function is minimized on the domain {(γ, ξ)|γ ∈ (0, γ * (ε), ξ ∈ [−π, π]}, where γ * (ε) is an upper boundary of stability domain at fixed ε.
For the characterization of dissipative properties eq. (11) is rewritten as:
As it can be seen from (16), dissipative property is characterized by functions η s (γ, ξ, ε) = |q s |. For the obtaining of optimal value of ε, the function F (ε), presented as:
is minimized. In eq. (17) C s are constants, which are the values of η s in case of low dissipation (this case characterized by small values of γ). Plots of I(ε) and F (ε) are presented at fig. 3 and fig. 4 respectively. As it can be seen, optimal parameter for I(ε) is equal to unity, while minimum of F (ε) is realized in internal point of interval [0, 1] -in ε ≈ 0.15 − 0.55. It is easy to concern (see fig. 1 ) that the main influence on numerical solution is realized by numerical dissipation, so the optimal parameter value is chosen to be equal to 0.15. At fig. 5 the plot of numerical solution, obtained by scheme (9) with optimal parameter is presented. As it can be seen, numerical solution demonstrate the absence of fictitious oscillations. At the same time, the amplitude of the solution is close to constant and not decreased intensively.
Conclusion
FDS for linear advection equation with dependence on scalar dimensionless parameter is constructed. Stability of the scheme is investigated by von Neumann method and stability domain in parameter space is constructed. Dispersive and dissipative properties of the scheme are optimized by the choice of scalar parameter. Scheme constructed may be applied in computations based on splitting method for Boltzmann or lattice Boltzmann equations.
